Abstract: A time±frequency MUSIC algorithm with narrowband models for the estimation of direction of arrival (DOA) when the source signals are chirps has been developed by Amin et al. (1998 Amin et al. ( , 1999 . The present authors consider wideband models. The joint time±frequency analysis is ®rst used to estimate the chirp rates of the source signals, and then the DOA is estimated by the MUSIC algorithm with an interative approach.
Introduction
Direction of arrival (DOA) estimation has many applications in radar, sonar, and communications, and has been extensively studied. In DOA estimation, the MUSIC algorithm [1] is an important high resolution algorithm and it is based on a narrowband model, (i.e. the source signals are assumed to be narrowband relative to the carrier frequency). There are several methods for generalising the MUSIC algorithm from narrowband models to wideband models. One method is the following. Consider a wideband source as a combination of a number of narrowband sources and then the received signal is separated into several narrowband signals. For each narrowband signal, the DOA is estimated and then the average of all the estimated DOA from all the narrowband signals is used as the DOA estimate, see, for example [2, 3] . This method does not provide a high accuracy, in particular when the signal to noise ratio (SNR) is low. An improved method called coherent signal subspace processing approach was proposed by Wang and Kaveh [4] . This method transforms the signal subspace at different frequency bins into a prede®ned subspace (called the focusing subspace). Its performance depends both on the choice of the focusing subspace and the transform matrices (called focusing matrices). There have been a number of papers along this direction, see, for example [5±8] . These methods, however, do not assume any information about the source signals.
When the source signals are chirps, the joint time± frequency MUSIC algorithm was ®rst studied by Amin et al.
[9±11] and also by Sekihara et al. [12] , where the chirp characteristics of the sources were fully utilised by using the joint time±frequency analysis. The main function of the joint time±frequency analysis here is the denoising of the source chirp signals. The joint time±frequency MUSIC algorithm proposed in [9±12] was based on the narrowband model (i.e. the chirp source signals were assumed narrowband relative to the carrier frequency).
In this paper, we consider wideband chirp source signals that may have the antijamming property. First, the joint time±frequency analysis, see for example [13±17] , is used to estimate the chirp rates of the soruces, and then the additive noise is reduced in the joint time±frequency domain. After the denoising, the DOA is estimated by the conventional wideband alogrithm (i.e. the received signal is divided into several subband signals and the DOA is initially estimated by the subband signals). Using these estimated parameters (i.e. the chirp rates and the initial DOA estimate), the received wideband signal model is modi®ed accordingly and then the whole process is repeated until the DOA estimate converges. We also show that this iterative algorithm converges under certain assumptions.
Signal model
We consider an array with N sensors and M sources. Suppose that the sources are chirp signals with unknown chirp parameters. Without loss of generality, we assume that the array is an equal distance linear array with adjacent sensor distance d. If the M sources are located in the directions of y 1 , y 2 , F F F , y M , the received signal at the nth sensor of the mth source is:
where W nYm (t) is the additive noise, t nYm is the time delay of the m source s m (t) at the nth sensor relative to the received signal x 1Ym (t) at the ®rst sensor, and s m (t) has the form:
where a m is the amplitude, and a m is the chirp rate, o m is the constant frequency, and f m is the constant phase. The time delay t nYm has the form:
where c is the wave propagation speed. Thus, the received signal x nYm (t) in eqn. 1 is: From the above formula, one can see that the array manifold in terms of variable n varies with the time t (not only with the sensor index n), which is because the term exp(7ja m t nYm t) in eqn. 4 depends on the chirp rate a m . It differs from the conventional narrowband model, where the array manifold is not a function of the time t.
If the bandwidth (the product a m T 0 of the chirp rate a m and the observation time interval length T 0 ) of the source is small compared to the carrier frequency, the array manifold can be considered as a constant (i.e. the term exp(7ja m t nYm t) in eqn. 4 can be neglected). In this case eqn. 4 can be written as T stands for the transpose and l is the wavelength of the source, and W is the additive noise vector. Then, a conventional DOA estimator such as the MUSIC algorithm can be used. Furthermore, since s m (t) is known as a chirp, the MUSIC algorithm for the narrowband model has been extended in [9±12] to the time±frequency MUSIC algorithm by taking the advantage of the chirp characteristics. However, if the bandwidth of the source is not small with respect to the carrier frequency, the above narrowband model may not provide an accurate DOA estimate as we shall see later. In this case, wideband models are needed, which is the goal of the rest of this paper.
Iterative DOA estimation
For wideband chirp source signals, the observation time is too short in each frequency bin and therefore the resolution of the MUSIC algorithm is limited. To improve the resolution, in the following we propose an iterative algorithm by mutually using the MUSIC algorithm for the DOA estimate and then using the estimated DOA and the estimated chirp rates to compensate the chirp effect in the array manifold of the DOA shown in eqn. 4 .
For convenience, we ®rst consider the case of one source (i.e. M 1 in eqn. 1). From eqn. 4, as mentioned in Section 2 the term:
varies with the time t, which limits the application of the MUSIC algorithm. However, if this term can be estimated and removed, then eqn. 4 becomes x nYm t 9 s m t expÀjo m t nYm W nYm t 9
and we have
which is the same as eqn. 6. The N Â N covariance matrix R of the vector X is
where y stands for the complex conjugate transpose. Let the singular value decomposition of R be R PDP y where D is the diagonal matrix formed from the eigenvalues of matrix R and P is the unitary matrix formed from the corresponding eigenvectors of matrix R. The eigenvectors corresponding to the large eigenvalues generate the signal subspace while the eigenvectors corresponding to the small eigenvalues generate the noise subspace. Let E W be the (N 7 M) Â N matrix whose columns are the eigenvectors of the noise. Then the DOA of the sources can be estimated by the MUSIC algorithm: where FFT represents the fast Fourier transform. This estimation is the maximum likelihood parameter estimation of the chirp signal in additive white Gaussian noise. If there are several sources with different chirp parameters, the parameters of the signals can also be estimated as follows. First, we estimate the signal component with the largest energy, then we separate the signal component by taking the narrow band ®ltering. Then we estimate the parameters of the signal with the largest energy in the remaining signal. We repeat this procedure until the energy of the remaining signal is small enough. This method is basically the adaptive chirp transform as studied and used in [18, 19] . The initial DOA y m estimation of the source is done by using the traditional wideband method [2, 3] (i.e. a received signal is split into several narrow band signals and each of them is used to estimate the DOA using the MUSIC algorithm), and the ®nal DOA estimate is the average of all the estimated DOAs. Let a m and y m be the initial estimates of the chirp rate and the DOA, respectively. We form the time delay of the mth sensor signal x nYm (t) to the ®rst sensor signal x 1Ym (t): t nYm n À 1d cos y m c With these estimates, the signal in eqn. 4 can be compensated as:
x nYm t x nYm t expÀj0X5 a m t 2 nYm exp j a m t nYm t 14
Since the compensation factors in eqn. 14 are memoryless and with the magnitudes 1, they do not change the additive noise characteristics in x nYm (t). Based on the compensated data in eqn. 14, the new DOA estimate y m is obtained by using the narrow band MUSIC algorithm. This procedure is repeated until the DOA estimate y m converges.
Notice that the possibility of the above compensation (eqn. 14) is purely due to the source signal model in eqns.1 and 2. This compensation leads the compensated signal to being narrow band in the whole time duration, which is completely different from the coherent signal subspace processing method proposed in [4] . In the coherent signal subspace processing method, a wideband signal is split into several segments and each segment is narrow band and then all the segments are focused into a single narrow band by using some focusing matrix transformations. The coherent signal subspace processing method does not need source signal information, which may limit its performance in the particular application in this paper. Furthermore, the compensation (eqn. 14) also leads to the possibility of implementing the iterations as described above.
For multiple sources (i.e. M b 1 in eqn. 1), the multiple chirp parameters a m and o m can be estimated similarly to eqn. 13 as discussed before. There are two cases here: some of the parameters are well separated, and some of the parameters are close to each other.
For the chirp sources with well-separated parameters, they are ®rst ®ltered out by dechirping and bandpass ®ltering, and then the DOAs of these sources are individually estimated via the previous iterative algorithm we proposed.
For the chirp sources with close parameters, these close parameters are treated as the same in the chirp compensation (eqn. 14). If their initial DOA y m estimates are well separated, each of them is used in the compensation (eqn. 14) individually and the corresponding DOA can be iteratively estimated with high resolution. After one of the DOAs y m has been iteratively estimated, we move to another y m and repeat this procedure until all y m are done. If some of the initial DOA y m estimates are also close to each other, the close initial DOA y m are treated the same in the ®rst step iterative algorithm. The rest of the steps in the iterative algorithm are similar.
The above iterative DOA estimation algorithm can be summarised by the following two stages:
Estimate carrier frequency o and chirp rate a (adaptive chirplet estimation)
Step 1. Estimate the chirp parameters with the largest energy via eqn. 13.
Step 2. Separate the signal component by the narrowband ®lter, and estimate the signal parameters of the largest energy in the remaining signal.
Step 3. Repeat Step 2 until the energy of the remaining signal is small enough.
Estimate the time delay t nYm
Step 1. Initialise the time delay t nYm based on the conventional DOA estimation with wideband sources, such as the coherent signal subspace processing method [4] .
Step 2. Implement the compensation (eqn. 14).
Step 3. Apply the MUSIC DOA estimation algorithm to the compensated signal and obtain more accurate DOA estimation.
Step 4. Update the delay estimation t nYm and return to Step 2 until it converges.
Convergence of the iterative DOA estimation algorithm
In this Section, we want to show the convergence of the iterative algorithm proposed in Section 3 under certain assumptions. To do so, let us have some assumptions.
The ®rst assumption is that the DOA estimation performance improves when the source signal bandwidth decreases. Mathematically, it can be described as follows. Let y be a true DOA, and s O (t) be a source signal with bandwidth O, and x O (t) be the received signal. Let y O be the DOA estimate of y from x O (t). Then, given the same additive SNR,
The second assumption is that the chirp rate a estimation in the adaptive chirplet estimation (eqn. 13) is accurate (i.e. a m a m ). The third assumption is that the initial DOA estimation is not bad and the compensated signal (eqn. 14) after the initial estimation is a narrow band model.
We next want to show that the iterative DOA estimation algorithm in Section 3 converges under the above three assumptions.
For convenience, to show the convergence we only consider single source signal (i.e. M 1 in eqn. 1) that can be simpli®ed as
where the DOA is y and t n n À 1d cos y c 17
Corresponding to the DOA estimate y O l at the lth iteration, the time delay estimate at the nth antenna is t nYO l and the corresponding compensated signal in eqn. 14 is x nYO l (t). Let us now see what the compensated signal in eqn. 14 after the DOA estimate at the lth iteration is:
where the signal part is
and the noise part is W nYO l W n t expÀj0X5a t 2 nYO l exp ja t nYO l t 20 which has the same power as W n (t) does, i.e. the additive SNR is not changed. Going back to the DOA estimation problem in Section 2, the in¯uence of the source signal bandwidth to the DOA estimation performance comes from the accuracy of the expression in eqn. 5 that holds only for narrowband signal s m (t). As described after eqn. 4 in Section 2, for the chirp source signal, instead of the desired one (eqn. 5) we have eqn. 4 with additional term of bandwidth ja n t nYm j that is ja( t nYO l 7 t)j in the compensated one in eqns. 18±19. If the iterations can reduce this bandwidth, the DOA estimation improves. We next want to show how the iterations reduce this bandwidth.
Let
which is the bandwidth at the (l 1)th DOA estimation iteration and the MUSIC DOA estimate based on the signal in eqn. 18 is y O l1 . The iterative algorithm converges if
By the ®rst assumption, to prove eqn. 22 we only need to prove To prove eqn. 23, we use induction. Let y O 0 be the initial estimation using a wideband DOA estimation. By the third assumption, the bandwidth of the compensated signal using t nXO 0 , (i.e.
y O 0 ) is smaller than the original wideband bandwidth (i.e. we have O 1`O0 at). This proves that eqn. 23 holds for l 0. Assume that eqn. 23 holds for l k 7 1, we want to show eqn. 23 for l k. Eqn. 23 holds for l k and the ®rst assumption imply that
Then, the inequality (eqn. 23) for l k immediately follows from eqn. 21. This proves the convergence. When the above three assumptions are not satis®ed, the convergence is more dif®cult to study, which is a future research problem. However, these three assumptions are not uncommon in practice.
Simulations
We ®rst consider two chirp source signals s 1 (t) exp( j(at 2 2pf c t p/3)) with DOA p/6 and s 2 (t) exp(7j(at 2 2pf c t)) with a 30 Â 10 7 and DOA p/5. We use nine sensors in the linear array with d l/2, l f c /c, and f c 400 MHz is the carrier frequency. The observation time interval is [0, 1] and 512 points are used. Fig. 1 shows the result using the time±frequency MUSIC algorithm proposed in [9±11] with the narrowband model. Although two DOAs are separated, their positions are not correct. Fig. 2 shows the result using the iterative MUSIC algorithm proposed in this paper, where only two iterations are used. One can clearly see the two DOAs in the correct positions.
We then consider two source signals: s 1 (t) exp( j(at 2 2pf c t p/3)) with the DOA p/5 and s 2 (t) exp( j(at 2 2pf c t)) with the DOA p/4, where f c 400 Â 10 6 Hz and a 5 Â 10 7 . In this case, the chirp rates are the same. The observation time interval is [0, 1] and 2048 points are used. Fig. 3 shows the result using the traditional wideband MUSIC DOA estimation algorithm. Fig. 4 shows the results using the iterative MUSIC algorithm with two iterations.
We ®nally consider two source chirp signals: s 1 (t) exp(j(7at 2 f c t p/3)) and s 2 (t) exp(j(at 2 f c t)), where all the parameters are the same as in the second example. In this case, the two chirps are well separated. Fig. 5 shows the result using the traditional wideband MUSIC algorithm. Fig. 6 and Fig. 7 show the results of the iterative MUSIC algorithm of the two individual sources. Fig. 8 shows the combination of Fig. 6 and Fig. 7 .
Conclusions
In this paper, we proposed an iterative algorithm for the DOA estimation when the source signals are chirps. The signal model we used is wideband. The basic idea of the iterative algorithm is that an initial DOA is estimated using the traditional wideband algorithm and this estimate along with the chirp rate estimate, the chirps can be compensated in the received signal. After the chirp compensation, the DOA can be re-estimated using the MUSIC algorithm for narrowband models. This procedure is repeated. We also showed the convergence of the iterative algorithm. Our numerical simulation results show the improvement over the time±frequency MUSIC algorithm with narrowband models proposed by Amin et al. and also over the traditional wideband MUSIC algorithm without taking the chirp property of the source signals into account. Data are the same as in Fig. 5 
